We show that the one-dimensional extended Hubbard model has saturated ferromagnetic ground states with the spin-triplet electron pair condensation in a certain range of parameters. The ground state wave functions with fixed electron numbers are explicitly obtained. We also construct two ground states in which both the spinrotation and the gauge symmetries are broken, and show that these states transfer from one to the other by acting the edge operators. The edge operators are reduced to the Majorana fermions in a special case. These symmetry breaking ground states are shown to be stabilized by a superconducting mean field Hamiltonian which is related to the Kitaev chain with the charge-charge interaction.
Introduction
The extended Hubbard model has been studied extensively to understand phenomena such as charge density wave, spin density wave and unconventional superconductivity which can not be described by the Hubbard model consisting of the electron hopping and the on-site interaction [1, 2, 3] . The Hamiltonian of the model is obtained by adding interaction terms of electrons on different sites to the Hubbard Hamiltonian. In the case where the added interaction together with the on-site one is dominant and is known to induce a certain ordering state with the energy gap, the model is well understood by considering the electron hopping as a perturbation. On the other hand, in order to understand phenomena which can not arise directly from interactions, we have to face the difficult problem of analyzing the interplay between the electron hopping and some interactions in a convincing way. The unconventional superconductivity corresponds to such a case.
Here we restrict ourselves to the one dimensional extended Hubbard model with nearest neighbour interactions. Despite the difficulty in analyzing correlated electron systems, there are a few rigorous results associated with superconductivity in this case. Most of these results are obtained by applying the Bethe ansatz method, and the superconducting ground states so far obtained are related to spin-singlet electron pair condensation [4, 5, 6] . In this paper we provide another rigorous result with the model. By using a similar method in Ref. [7] , we will show that the model exhibits saturated ferromagnetic, spin-triplet electron pair condensation in the ground state over a certain range of interaction parameters.
It is worth noting that in the last decade the Majorana edge state formed on a spinless superconducting wire has been attracted much interest both theoretically and experimentally [8, 9, 10, 11, 12, 13, 14] . Our model exhibits saturated ferromagnetism where the electrons behave as spinless fermions. We show that a similar edge state is formed in the gauge symmetry breaking ground state of our model.
Definition of the model and the main result
We consider a one-dimensional array of L sites, which are labeled as 1, 2, . . . , L. We write Λ for the set of numbers 1, 2, . . . , L and identify Λ with the array of L sites. We also writeΛ for Λ\{L}. In this paper L is assumed to be an odd integer with L ≥ 3. This condition is adopted only for simplicity, and similar results are obtained with minor changes.
Let c x,σ (c † x,σ ) be the annihilation(creation) operator of an electron at site x ∈ Λ and with spin σ =↑, ↓. They satisfy the anticommutation relations,
(1
and G
for any sites x, y and any σ, τ =↑, ↓. For each site x, we define the number operators n x,σ = c † x,σ c x,σ and n x = n x,↑ + n x,↓ , and the spin operators S
σ,τ are the elements of the Pauli matrices
For each nearest neighbour pair of sites x and x + 1, we define local Hamiltonian H x by
where
The term H t,x represents electron hopping, and H U,x , H V,x , H J,x and H X,x represent electronelectron interactions, usually referred to as the on-site, the charge-charge, the spin-spin and the bond-charge interactions, respectively. In this paper, we assume 0 < 2t ≤ V and define parameter δ ranging from 0 to π/2 by
We then consider the Hamiltonian given by
on Λ with open boundary conditions.
Before stating our main result, we have to introduce some more notations. Let us definẽ a operators byã
By usingã operators, we define pair operators ζ † σ,τ with σ, τ =↑, ↓ by
where F x,y is given by
It is noted that F x,y = −F y,x .
We denote by Φ 0 the state with no electrons on Λ. The total number of electrons on Λ is denoted by N e . We assume 0 ≤ N e ≤ L and define the number N p of electron pairs by
With the values of the parameters given by
our main result is summarized as follows:
Proposision 2.1 Suppose that both U > U 0 and J ≥ J 0 are satisfied. Then, the ground state energy of H with
and
The ground state is unique apart from the degeneracy due to the spin-rotation symmetry, and is given by
and its SU(2) rotations.
Proof
Proof of Proposition 2.1. In the following, conditions (20) and (21) are assumed to be satisfied and N e is fixed.
Firstly we will show that the Hamiltonian H can be expressed as a sum of positive semi-definite operators. We define a operators by
for x ∈Λ and
We also define b operators by
By using a and b operators we define
It is noted that H x,0 is a positive semi-definite Hamiltonian. Then, after a lengthy but straightforward calculation, one finds that H x is rewritten as
where H U ′ ,x and H J ′ ,x are, respectively, defined by (6) and (8) with U and J replaced by U ′ = U − U 0 and J ′ = J − J 0 , and H W,x is defined by
with W = U 0 /2. For U ≥ U 0 and J ≥ J 0 , all the terms in the right hand side of (28) are positive semi-definite. This proves that H is the sum of the positive semi-definite operators for U > U 0 , J ≥ 0. Therefore, a zero energy state of H, if it exists, is a ground state.
Secondly, we will show that Φ G is a zero energy state of all the terms in (28) for any
Note thatã operators form a basis for fermion operators on Λ, since {ã †
From this expression of b operators we obtain a x,↑ y,z∈Λ Here we shall check that Φ G is not the null state. It follows from (31) that
Hence we have
for even N e and
for odd N e , where Const. is a certain non-zero constant number. The right hand sides of (33) and (33) are apparently not zero, which implies Φ G = 0.
Finally we shall show the uniqueness of the zero energy state.
Let M be the eigenvalue of the third component of the total spin. Since the Hamiltonian H has the spin-rotation symmetry, it is convenient to decompose the Hilbert space H of states into the subspaces H M each of which has the fixed eigenvalue M. Let Φ M be a lowestenergy state in H M . Since the representative of Φ G in H is also a zero energy state of H, the lowest energy in H is guaranteed to be zero. This implies that Φ M must satisfy H x Φ M = 0 for x ∈Λ. In particular, for U > U 0 , c x,↓ c x,↑ Φ M must be zero for any x ∈ Λ. Now we represent Φ M by using the c operators. As mentioned above, since each site is forbidden to be doubly occupied by electrons in Φ M , it can be expanded in terms of normalized basis states in the form
where A is a subset of Λ with |A| = N e , σ x =↑, ↓, and x∈A σ x = M. In the product, c operators are ordered in such a way that the site indexes x increase from left to right.
Let us consider the matrix representation H of the Hamiltonian H with respect to the basis states in the form (35). We assume that the basis states are ordered in an arbitrary manner and denote by H i,j the matrix element corresponding to i-th and j-th basis states.
Then one easily finds that any non-zero off-diagonal matrix element is −t or −J/2, which is negative. It is also easy to see that for any i, j there is a sequence i 1 , i 2 , . . . , i k such that
Therefore it follows from the Perron-Frobenius theorem that the lowest energy state of H is unique [15] , which implies that the lowest energy state of H in H M is also unique and is given by the representative of Φ G in H M . This completes the proof of Proposition 2.1.
Ground states with broken spin-rotation and gauge symmetries
In this section, we assume that the parameters U, J, X x and µ x satisfy the conditions in Proposition 2.1, and hence the ground states of H with the fixed electron number are given by (22) and its SU (2) rotations. Since the ground states are saturated ferromagnetic, we furthermore assume that the third component of the total spin is fixed to N e /2. Under these assumptions, we introduce two gauge-symmetry-breaking zero energy states, each of which is transferred to the other by acting edge operators.
In the following, since all the electrons are assumed to have the ↑-spin, we omit the spin indexes in the fermion operators for notational simplicity. We define the zero energy states with the broken gauge symmetry
where η is a positive parameter and θ is a phase parameter. The state Φ G,0 (Φ G,1 ) is a superposition of the zero energy states of H with even(odd) numbers of electrons.
As usual, let us define the Majorana fermion operators γ A,x = e with l = 0, 1. On the other hand, (49) and (50) combined with
which follow from the definition, yield
with l = 0, 1. From (51) and (54) we obtain (44), and (45).
It is noted that in the case η = w 2 /w 1 = 1/ tan(δ/2) we have
which are the Majorana fermion operators. In this case, we can reconstruct the edge fermion operator by combining γ A,1 and γ B,L as
The fermion operator d edge satisfies {d edge , d edge } = {d † edge , d † edge } = 0 and {d † edge , d edge } = 1. We also have from (44) and (45) that
The above relations imply that the Majorana edge state is formed at the ends of the chain.
Mean field Hamiltonian
In this section we consider external fields (or mean fields) which remove the ground state degeneracy and select Φ G,0 and Φ G,1 as the ground states. It is well known that the external magnetic field can remove the degeneracy due to the spin-rotation symmetry but it preserves the gauge symmetry. Here we shall consider the Hamiltonian which does not conserve the electron number.
In this section we still omit the spin indexes.
Let us define
that, in the case where δ = π/2, η = 1 and α = 1, H ′ is reduced to the Hamiltonian of the Kitaev chain of the spin-less fermions in the topological phase. Thus our model can be also regarded as an extension of the Kitaev chain to the spin-full system with the electron-electron interactions.
6 Spin-Spin Interaction with Ising-like Anisotropy
In this section, we treat the case of the spin-spin interaction with an Ising-like anisotropy.
Let us define 
